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Abstract. This paper illustrates an original procedure for the non-linear optimization of a 
control system, including als  unilateral constraints. The proposed procedure is articulated in 
two phases: first the control optimization problem is formulated as the minimization of the 
difference between the target and the actual evolution of the controlled system, then the con-
strained minimization is converted into an equivalent unconstrained problem, which solution 
is found by using a genetic algorithm. This technique requires the evaluation of the system 
response for a remarkable number of different control gains, therefore it is essential to adopt 
an efficient method. For this reason the following algorithm has been developed: 1) the con-
trolled system is linearized and the model equations are re-formulate according to the modal 
decomposition technique, 2) the target state of the system is decomposed into basic tiles (e.g. 
combination of steps, ramps, etc.), 3) the response of the system is evaluated by means of ana-
lytical Inverse Laplace Transformation. 

The case-study of the control of a motorcycle is presented, which is particularly interest-
ing because the dynamics is highly non-linear. The motorcycle is modelled taking into ac-
count lateral, yaw, roll, and steer motion; the vehicle input is the handlebar torque, whereas 
rider body movements are neglected. It has been implemented a virtual rider which includes a 
PID controller, a look-ahead strategy and a frequency low-pass filter for the steering torque 
in order to reproduce the behaviour of human riders. 
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1 INTRODUCTION 

This paper illustrates an original procedure for the non-linear optimization of a control sys-
tem including unilateral constraints. The work is organized as follows: section 2 presents the 
virtual rider architecture, section 3 illustrates the formulation of the optimization problem in 
presence of unilateral constraints, section 4 explains the technique for the efficient computa-
tion of the system behaviour using Laplace’s technique, finally section 5 shows some results 
of control optimization and demonstrates that simulated manoeuvres of lane change, slalom 
and cornering are very similar to the actual manoeuvres performed by human riders. 

2 VIRTUAL RIDER ARCHITECTURE 

It is very difficult to transpose human skills into a virtual rider: even if there is a large 
number of works in literature (Ref. [2], [3], [4] among many others), this problem has not sat-
isfactory solved yet. The virtual rider has been developed with the aim of reproducing the be-
haviour of human riders, i.e. the steering torque is limited both in amplitude and in frequency. 

The architecture of the virtual rider is depicted in Figure 1: the control has separate loops 
for the speed and trajectory control. The main simplified assumption is that the lateral dynam-
ics of the motorcycle is controlled only by means of the handlebar, whereas any rider move-
ments is neglected. This assumption is not too limitative, because the steering torque really 
represents the main input of the motorcycle, whereas rider leaning, as well as other motions, 
is limited both in amplitude and in frequency. Moreover, brakes and throttle are used only for 
controlling the speed, since only expert riders are able to influence lateral dynamics by brak-
ing or accelerating while cornering. The speed control architecture is straightforward and 
takes the following form: 

2( ) ( )
( ( ) )T LD

eq eq P I T D
LD

V t t V t
S M K K V V dt k V

t
+ −

= + − +∫   

where Meq is the equivalent mass (which includes all translating and rotating inertia), Seq is the 
equivalent longitudinal force (which is defined as the ratio between the power necessary to 
accelerate the vehicle and the speed), KP and KI are respectively the proportional and integral 
gains, V and VT are respectively the actual and target speed, kD is the drag coefficient, LDt  is 
the lead time of the traction control (usually about 0.1 s). Afterwards, the equivalent force Seq 
is split among engine torque, rear and front brake torques, according to user specifications. 

The trajectory control is essentially a PID control, which takes benefit of the use of curvi-
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Figure 1: Architecture of the Virtual Rider. 
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linear coordinates for tracking the actual position of the vehicle with respect the road centre 
line. Indeed, curvilinear coordinates are defined as the vehicle position along the road sV and 
its deviation from the centre line nV, as shown in Figure 2. Curvilinear coordinates are used 
also for tracking the look-ahead point (sF, nF,) located in front of the vehicle. As human riders 
do, the look-ahead distance is changed as the speed changes (the greater the speed, the greater 
the distance) and as the track curvature changes too (the greater the curvature, i.e. the smaller 
the curvature radius, the smaller the distance). Basing on this smart technique, a simple PID 
control is adequate for riding the motorcycle: 

0LPτ τ τ= +   
where LPτ  is the filtered steering torque of PID controller and 0τ  is the steady state torque.  

The PID control consists of six terms: 
( )
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where suffixes V, F and T refer respectively to the vehicle, the look-ahead point and target 
variables, φ, ψ, δ  are respectively the camber, yaw and steering angles, u is the motorcycle 
speed, finally Θ is the road curvature. The first row of the control law above corresponds to a 
PID action on the roll angle and has the primary function of stabilizing the motorcycle capsize; 
the second row corresponds to a proportional-derivative action on the lateral deviation of the 
look-ahead point and its function is to keep the vehicle on the target trajectory; the third row 
contains a derivative term on the yaw angle which is useful for stabilizing the weave mode, 
the fourth line is a derivative term on and the steering angle useful to stabilize the wobble 
mode. 

 
 

Figure 2: Position and Look-Ahead Point tracking using curvilinear coordinates 
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The steering torque ( 1 ) is then filtered with a 2nd order low-pass in order to replicate the 
limited human control capability (i.e. riders cannot stabilize wobble at a frequency of 7-9 Hz 
and they find also difficult to control weave mode at a frequency of 2-3 Hz). 

3 FORMULATION OF THE OPTIMIZATION PROBLEM 

After the definition of the control architecture (section 2), it is necessary to find the control 
gains, which both stabilize the vehicle and minimize the error between the target and actual 
trajectory.  

From a mathematical point of view the vehicle stability requirement may be expressed as 
an unilateral constraint since all eigenvalues must have negative real part 

( )Re 0iλ <    

while the trajectory may be expressed by means of the following penalty function  

( ) ( )2 2
trajectory n V T V TJ w n n dt w dtϕ= − + ϕ − ϕ∫ ∫  ( 2 )

where nV and nT are respectively the actual and target vehicle deviation from the road centre, 
Vϕ  and Tϕ  are the actual and target vehicle roll angle, nw  and wϕ  are weights. It should be 

noted that the target trajectory can be defined as a combination of nT  and Tϕ , only by nT, 
only by Tϕ . 
Moreover, it must be considered that the trajectory cannot exceed the lane width, the steering 
torque cannot exceed the rider physiological capability and roll angle overshoot must be 
avoided. This conditions lead to the following additional unilateral constraints: 

max

max

max

Vn n<

τ < τ

ϕ < ϕ

  

 

Since algorithms for the constrained minimization of the penalty are not really efficient, 
the above problem is transformed into an equivalent unconstrained minimization by substitut-
ing unilateral constraints with additional costs in the penalty ( 2 ) as shown in Figure 3 for the 
lane width. 
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Figure 3: Unilateral cost function for the lane width. 
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As a consequence, the total cost of the system becomes 

stability unilateral trajectoryJ J J J= + +   

In addition, it has been found that the optimization performance increases if a cost for the yaw 
vibrations is included, so the following term has been added to trajectoryJ . 

( )2
V Tw dtψ ψ − ψ∫ & &   

The unconstrained minimization problem is then solved using a genetic algorithm. 

4 EVALUATION OF THE SYSTEM TIME RESPONSE  

The exact evaluation of the performance index is computationally onerous because it 
would require the integration of the non-linear system equations. A different approach is pro-
posed: the system behaviour is estimated from the linearized model and time histories are ob-
tained by using analytical Laplace’s transform techniques instead of time integration. 

Since it is necessary to evaluate the system response for a lot of different gains sets, it is 
convenient to linearize separately the motorcycle equations (it may be done only once) and 
the control equations (it must be done for each set of control gains), and finally to assembly 
the state-space matrices of the controlled vehicle. 

4.1 Linearization of the Motorcycle Equations 

First of all the non-linear equations of motion (Ref. [5]) are linearized around a proper po-
sition depending on the target manoeuvre and the state-space matrices are computed. For ex-
ample, for a lane-change manoeuvre it is sufficient to linearized around the straight running 
configuration, whereas for a cornering manoeuvre it is recommended to linearized around the 
steady cornering configuration. The linearized dependent coordinates formulation takes the 
following form: 

1 0x x x C= +A x A x B u&   

where x  is the vector of the nx dependent variables, Cu  is the input vector (which contains 
the steer torque), 1 0, ,x x xA A B  are the state matrices. 

By taking into account the nc holonomic constraints 

x =Φ x 0  ( 3 )
the system is converted into the independent formulation  

1 0z z z C= +A z A z B u&  ( 4 )

where z  is the vector of the nz independent variables, 1 0, ,z z zA A B  are the state matrices. The 
following relationship holds between dependent and independent variables and matrices: 

z=x R z  

1 1
T

z z x z=A R A R  

0 0
T

z z x z=A R A R  
t

z z x=B R B  

( 5 )

where zR  is the velocity projection matrix. One way to compute the projection matrix is the 
use of the SVD decomposition of the constraint Jacobian xΦ  

[ ]T
x =U Φ V D 0   
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in particular it can be shown (see appendix) that 
[ ]L z=V V R  ( 6 )

i.e. the last nz columns of the right singular vector is the projection matrix ZR  of size nx x nz. 
U  and V  are the singular vectors, D  is a diagonal square matrix containing the singular val-
ues of xΦ . As an example, this motorcycle model uses 115 dependents state variables which 
are reduced to 28 after the conversion to the independent formulation. 

4.2 Linearization of the Control Equations 

It has been explained above how the virtual rider model uses curvilinear coordinates for 
tracking the vehicle trajectory and for the look-ahead point, uses low-pass filter as well as the 
integral error of the roll angle. Therefore additional state variables r  and corresponding state 
equations are introduced. 

The linearization of the PID equations ( 1 ) which transform the target motion Ku  into the 
motorcycle inputs Cu  leads to the following equation: 

C x K K r= + +u E x E u E r  ( 7 )

where the target motion vector Ku  contains the curvature of the road path Θ, the target lateral 
position nT, the target roll angle φT. 

The linearization of the control state equations yields to: 
* * * * *

1 1 0 0x r x r K+ = + +A x A r A x A r B u&&   

where matrix * *
1 0,x xA A  are related to the dependent coordinates formulation and must be 

transformed into the independent one as follows: 
* *

1 1z x z=A A R  
* *

0 0z x z=A A R  

 

It is now possible to write the control state equations in the independent formulation: 
* * * * *

1 1 0 0z r z r K+ = + +A z A r A z A r B u&&   

Finally PID equations ( 7 ) may be transformed in the independent formulation 
( )C x z r K K

z r K K

= + +

= + +

u E R z E r E u
E z E r E u

 
 

4.3 Assembly of the Controlled Motorcycle State-Space Matrices 

After having linearized the motorcycle equations (just once) and the control equations (for 
each set of control gains) it is necessary to assembly the state-space matrices of the controlled 
motorcycle. 

By substituting in the motorcycle equations the vehicle inputs Cu  with the target motion 
Ku  one obtains 

( )
( ) ( ) ( )

1 0

0

z z z z r K K

z z z z r z K K

= + + +

= + + +

A z A z B E z E r E u

A B E z B E r B E u

&
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By assembling both motorcycle and control equations one obtains 

01
* * * * *

1 1 0 0

|z z z z r z Kz
K

z r z r

⎡ ⎤ ⎡ ⎤+⎡ ⎤ ⎧ ⎫ ⎧ ⎫ ⎧ ⎫= +⎢ ⎥ ⎢ ⎥⎨ ⎬ ⎨ ⎬ ⎨ ⎬⎢ ⎥
⎩ ⎭⎩ ⎭ ⎩ ⎭⎣ ⎦ ⎢ ⎥ ⎢ ⎥⎣ ⎦⎣ ⎦

A B E B E B EA 0 z z
u

A A r rA A B

&

&
 ( 8 )

The only matrices which depend on the control gains and must be computer each time are 
, ,z r KE E E , whereas other matrices are constant. However, if the look-ahead distance or the 

steering torque filter characteristics are changed during optimization all control matrices 
* *,A B  must be recomputed. 
As well as the output is concerned the following equations hold 

{ } [ ] [ ]{ }

[ ] [ ]{ }

x r K K

z r K K

⎧ ⎫
= + =⎨ ⎬

⎩ ⎭
⎧ ⎫

= +⎨ ⎬
⎩ ⎭

x
y C C D u

r

z
C C D u

r

 ( 9 )

where 

z x z=C C R   

Once again matrices may be computed just once because the do not depend on the control 
gains. 

4.4 Evaluation of Time Response using Analytical Inverse Laplace Transform 

Once the system has been linearized around a proper position, the time histories can be ob-
tained by using Laplace’s transform techniques, which make it possible to estimate the vehi-
cle motion without integrating the equations of motion. 

The computation of complex eigenvalues λ  and eigenvectors zT  of the state matrix zA  
makes it possible to transform the system ( 8 ),( 9 ) into the following principal coordinates 
formulation: 

q K

q K

= +

= +

q Λq B u

y C q Du

&
 ( 10 )

where 1
z
−=q T z  is the principal coordinates vector, Λ  is a diagonal matrix whose elements 

are the eigenvalues λ , while the remaining state matrices may be easily computed as 
1

q z z
−=B T B  and q z z=C C T . The formulation is very effective because the system modes are 

uncoupled, even if the new state variables q  are complex and so they loose the original 
physical meaning. Applying Laplace’s Transform to ( 10 ) one obtains: 

( ) 1( ) ( ) ( ) ( ) ( )q qs s s s s s s−= + ⇒ = −Q ΛQ B U Q I Λ B U   

while output variables may be computed as follows 

( ) 1( ) ( ) ( ) ( )q q qs s s s s−⎡ ⎤= + = − +⎣ ⎦Y C Q DU C I Λ B D U  ( 11 )
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Since matrix s −I Λ  is diagonal, it is very easy to compute the inverse, and equation ( 11 ) 
may be re-written as follows (modal decomposition) 

1

0 0
( ) 0 0 ( ) ( )

0 0

q q
i

s s ss−

⎡ ⎤
⎢ ⎥
⎢ ⎥= +λ⎢ ⎥
⎢ ⎥⎣ ⎦

Y C B U DU
O

O

 
 

The application of the inverse Laplace transform makes it possible to move back into time 
domain where the only difficult is the computation of the inverse transform of ( )( ) / is s − λU  
because in the presence of a generic input ( )tu  the computation is numerically onerous. 
However, when the system input may be described as the linear composition of standard func-
tions ( )kf t  (e.g. step, ramp, sine and cosine, etc.), i.e. 

( ) ( )i kk
u t f t= ∑  ( ) ( )i kk

U s F s= ∑   

the computation can be done analytically. In conclusion, the implementation of a moderate 
number of shape functions kf  and L-1(Fk/(s-λ)) makes it possible to describe system inputs 
and compute system outputs in a very easy and computationally efficient way. 

5 EXAMPLE OF APPLICATION 

The control system and the optimization algorithm described above have been translated 
into a Fortran program and coupled with the full non-linear motorcycle model described in 
Ref. [5]. The first example consists in the control optimization and non-linear time simulation 
of a lane change manoeuvre: the lane width is 4m and the manoeuvre is completed in a dis-
tance of 21 m. The equations of motion have been linearized around the straight motion con-
dition at a speed of 18 m/s. The control parameters that have been optimized are, respectively, 
the look-ahead distance L, the roll gains KPϕ, KDϕ and the lateral displacement gains KPn, 
KDn. The target motion, the inequality constraints as well as the non-linear simulation of the 
manoeuvre are depicted in Figure 4, which also shows data recording during a real manoeuvre. 
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Figure 4: Lane change maneuver (speed = 18 m/s ) 
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The second example (Figure 5) is about a slalom simulation at a speed of 21.3 m/s with a 
distance between cones of 21 m. The optimized control parameters are the same as of lane 
change. 

The third example consists in the control optimization and non-linear time simulation of a 
cornering manoeuvre at a speed of 22 m/s and cornering radius equal to 50m (Figure 6). This 
manoeuvre is particularly severe because the steady state value of the lateral acceleration is 
equal to 10.6 m/s2 and corresponds to a roll angle of 0.9 rad (~51°). Moreover, the transition 
between straight running and cornering condition in a time of 1.2s is fast. The equations of  
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Figure 6: Cornering maneuver (speed = 22 m/s ) 
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motion have been linearized in the neighbourhood of final cornering conditions, the control 
parameters that have been optimized are, respectively, the look-ahead distance L, the roll pro-
portional, derivative, and integral gains KPϕ, KDϕ KIϕ. For this manoeuvre it was essential to 
restrain the roll angle because any overshoot would be unrealistic and could cause the motor-
cycle fall down 

6 CONCLUSIONS 

An automatic way for the non-linear control optimization in presence of unilateral con-
straints has been presented. The application to the control of a non-linear motorcycle model is 
discussed and a comparison between experimental test and simulations is included. 

The block diagram of the algorithm is depicted in Figure 7: first the system (vehicle plus 
control) is linearized around a proper equilibrium position (Vehicle & Control) and the target 
motion is defined (Target Manoeuvre). Secondly the Modal Decomposition is carried out and 
the target manoeuvre is decomposed into basic tiles having an analytic inverse Laplace trans-
formation (Maneuver Decomposition into basic tiles). At the end the time response is evalu-
ated by computing the inverse Laplace transform (Evaluation of the Time Response of Figure 
7). 
 
 

Figure 7: Time Response Evaluation 

Finally, it can be observed that:  
• for a proper control of the motorcycle it is essential to use the look-ahead values of the 

target parameters; 
• the use of the Laplace technique allows an efficient gains optimization; 
• to speed up the optimization algorithm it is necessary a smart approach to linearization, i.e. 

only parts of the state matrices should be computed at each step of the optimization; 
• the comparison with experimental test shows that the presented algorithm is effective and 

reproduces human behavior. 
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7 APPENDIX: COMPUTATION OF THE PROJECTION MATRICES  

This appendix explains how to convert the dependent coordinates state-space equations 

1 0x x x= +A x A x B u&  (a 1) 

subjected to the constraints equations 

x u C+ =Φ x Φ u 0  (a 2) 

into the following independent coordinates formulation 

1 0z z z= +A z A z B u&  (a 3) 

using projection matrices  

z u C= +x R z R u  (a 4) 

By substituting (a 4) into (a 2) one obtains 
( )x z x u u C+ + =Φ R z Φ R Φ u 0   

Since the equation above must be satisfied for any value of z  and Cu  one obtains 
(a 5) x z

x u u

=⎧
⎨ + =⎩

Φ R 0
Φ R Φ 0

 
(a 6) 

The SVD decomposition of xΦ  leads to 
[ ]T

x =U Φ V D 0 , [ ]L R=V V V  

Assuming z R=R V  and introducing in (a 5) one obtains x R =Φ V 0 , i.e. 

[ ] [ ]
T

T TL
R R L RT

R

⎡ ⎤
= = =⎢ ⎥

⎣ ⎦

V
U D 0 V V U D 0 V UDV V 0

V
 

since T
L R =V V 0  (the columns of V  are orthogonal each other). It has been proved that 

z R=R V  
In similar manner, by introducing u =R VS  (where S  is unknown) into (a 6) one obtains: 

[ ]
x u

T
u

+ =

+ =

Φ VS Φ 0

U D 0 V VS Φ 0
 

 

considering that V  is an orthogonal matrix, i.e. T =V V 1  

[ ]

[ ] [ ]
1

u

U T
U u

L

T
U u

−

+ =

⎡ ⎤
= = = −⎢ ⎥

⎣ ⎦
= −

U D 0 S Φ 0

S
D 0 S D 0 DS U Φ

S

S D U Φ

 (a 7) 

whereas LS  can be everything (since it is pre-multiply by a zero matrix), in particular we can 
assume L =S 0 , and therefore 

[ ] [ ]U U
u L R L R L U

L

⎡ ⎤ ⎡ ⎤
= = =⎢ ⎥ ⎢ ⎥

⎣ ⎦⎣ ⎦

S S
R V V V V V S

S 0
 (a 8) 

If we insert (a 7) into (a 8) we finally obtain 1 T
u L u

−= −R V D U Φ . 


